Cortical spreading depression (CSD) waves can occur in the cortices of various brain structures and are associated with the spread of depression of the electroencephalogram signal. In this paper, we present a continuum neuronal model for the instigation and spreading of CSD. Our model assumes that the brain-cell microenvironment can be treated as a porous medium consisting of extra-and intracellular compartments. The main mechanisms in our model for the transport of ions into and out of neurons are cross-membrane ionic currents and (active) pumps, coupled with diffusion in the extracellular space. To demonstrate the applicability of our model, we have carried out extensive numerical simulations under different initial conditions and inclusion of various mechanisms. Our results show that CSD waves can be instigated by injecting cross-membrane ionic currents or by applying KCl in the extracellular space. Furthermore, the estimated speeds of CSD waves are within the experimentally observed range. Effects of specific ion channels, background ion concentrations, extracellular volume fractions, and cell swelling on the propagation speed of CSD are also investigated.
Introduction
Cortical spreading depression (CSD) waves in the brain are associated with the spread of depression of the electroencephalogram (EEG) signal. Discovered in 1944 by A.A.P. Leão [13] , these waves are characterized by their slow speeds (1-10 mm/min) and their appearance in the cortices of a variety of brain structures in many different animals [1] . While there are many interesting phenomenological aspects of CSD waves, their connection with migraine with aura in humans makes it a particularly important neurophysiological phenomenon from the clinical point of view [6] .
Mathematical models of CSD have been proposed almost since the time that CSD was discovered. The cellular automata method developed by Wiener and Rosenblueth [21] for the study of cardiac waves was used by Shibata and Bureš [17] to study CSD. It was postulated early on by Grafstein [4] that potassium was the major ion involved in CSD and that repeated neuronal firings were responsible for the large increase in extracellular potassium. A. Hodgkin proposed a simple single partial differential equation model, essentially the voltage equation in the FitzHugh-Nagumo equations [3, 14] for action potentials, to describe the leading edge of the CSD wave, see Grafstein [5] . Both the cellular automata methods and the simple single PDE model do not lend themselves easily to the incorporation of physiological mechanisms to explain the instigation and propagation of CSD waves. However, the flexibility in using mathematical models based on known and putative physiological mechanisms allows us to perform extensive studies of CSD occurrence, which would be difficult or impossible to perform in the laboratory.
A continuum model without cellular volume change
We now formulate a continuum model for CSD, in the same spirit as the one-dimensional spatial continuum modeling approach used by Tuckwell and Miura (TM) [20] , with the ionic currents in the TM model replaced by those in Kager et al. [9] . Following Kager et al. [9] , we first consider the case with only two ions, sodium, Na, and potassium, K, with extra-and intracellular concentrations (mM/cm 3 ), respectively, where ion=Na and K. In addition, we consider two compartments that represent the extra-and intracellular spaces. The membrane potential E m is governed by the differential equation
where C m is the membrane capacitance per unit surface area (farad/cm 2 ) and I is the total crossmembrane ionic current per unit surface area (mA/cm 2 ). The total cross-membrane current is given by the sum of the sodium currents, I N a = I N a,T + I N a,P + I N a,Leak + I N a,P ump , the potassium currents, I K = I K,DR + I K,A + I K,Leak + I K,P ump , and the leak current, I Leak . An additional stimulus current, I Sti , will be included to trigger CSD when the soma allows action potentials. If the neuron has been treated with tetrodotoxin (TTX), there are no action potentials and the I N a,T current is removed from the model, see [19] . In the latter case, CSD will be triggered by using a different type of stimulus, e.g., application of KCl, which could be easily modeled by changing the initial condition of potassium. The cross-membrane currents are modeled using: 1) the GoldmanHodgkin-Katz (GHK) formulas for the active membrane currents, namely, the fast transient sodium current, I N a,T , the persistent sodium current, I N a,P , the potassium delayed rectifier current, I K,DR , and the transient potassium current, I K,A ; 2) the Hodgkin-Huxley (HH) model for the leak currents, namely, the sodium leak current, I N a,Leak , the potassium leak current, I K,Leak , and the fixed leak current, I Leak ; and 3) the sodium-potassium exchange pump currents, I N a,P ump and I K,P ump .
The GHK current is suitable when there is a large difference in concentrations in the ICS and ECS compartment, as argued by Koch and Segev [11] . The general expressions for the GHK and HH types of currents are given by
where g ion,GHK is the product of the conductance amplitude and membrane permeability for the active currents and g ion,HH is the conductance amplitude for the passive currents where ion=Na and K, m and h are the activation and inactivation gating variables, respectively, for the different GHK-modeled channels that are ion-specific [9] . Note that the conductances g ion,HH for the leak currents are assumed to be constant. φ = RT /F is a parameter where R is the universal gas constant, T the absolute temperature, and F the Faraday constant. Finally, E ion is the Nernst potential for ion = Na and K, given by
In addition to the ion-specific leak currents, there is a general leak current given by
where g HH is a constant conductance. This current drives the membrane potential towards a rest state of -70 mV. The pump currents are given by I N a,P ump = 3I P ump and I K,P ump = −2I P ump . The equation for the pump is given in [12] , but in order to obtain the same equilibrium sodium and potassium concentrations given there, we had to change the pump formula to the following expression
The concentrations of the ions are governed by the following coupled system of nonlinear diffusion equations
where S is the cell surface area (in cm 2 ), V i , and V e are the intra-and extracelluar volumes (in cm 3 ), and f = V e /V i . The effects of osmotic water movements are ignored in this model, and consequently the extra-and intracellular volumes are constant.
The gating variables m and h satisfy the following equations
and the values of α and β are given in Table 1 , along with the exponents p and q [9] . The extracellular volume is assumed to be 15% of the intracellular value, i.e., V e = 0.15V i [9] . Other relevant parameter values are: R = 8.31 (mV coulomb/mM K), F = 96.485 coulomb/mM. Finally, we note that the ion concentrations are conventionally measured in mM/liter, while in equations (7)- (10), the correct unit is mM/cm 3 . Thus, a scale factor of 10 −3 needs to multiply the right-hand sides of equations (7)- (10) .
As in [8] , the initial resting values are obtained by running the model equations until a steady state is reached. The values are given in Table 2 . In [8] , we initiated CSD waves by using electrical stimuli when I N a,T is present or by increasing the concentration of potassium near the origin when I N a,T is present or not present. Throughout this paper, we will use the potassium stimulus that leads to an initial condition on [K] e , which we assume is Gaussian with a peak value of 50 mM/liter, given by
The set of partial differential equations (7)- (10) are solved on a spatial domain 0 < x < L where L is chosen to be 6 mm in this paper. The equations are first discretized by replacing the partial derivatives in x by difference formulas on equally distributed grid points 0 = x 1 < x 2 < · < x N = L with size δx. This leads to a system of nonlinear stiff ordinary differential equations for
, and E m on the grid points x j , j = 1, ..., L, which are solved using a built-in Matlab solver ode15, with proper initial and boundary conditions. In Fig. 1 , we have plotted the time histories of the membrane potential and the extracellular potassium concentration where an initial KCl stimulus is applied near x = 0 mm. We have used ǫ = 0.5 × 10 −2 mm. It can be seen clearly that the depolarization of membrane potential follows the increase of extracellular potassium concentration in both cases.
Effects of I Na,T
To investigate the effects of the fast transient Na current on CSD propagation, we considered two different paradigms: 1) with action potentials and 2) without action potentials. For the first case, the fast transient sodium current, I N a,T is included in the equations to produce action potentials, and CSD is instigated by using a potassium stimulus, as noted above. In the second case, we 
set the fast transient sodium current to zero, i.e., effectively treating the cortex with tetrodotoxin (TTX). In Fig. 2 , we have plotted the spatial and temporal variations of the membrane potential and the extracellular potassium concentration with the fast sodium channels blocked. It is clear that blocking the fast sodium channels does not prevent the instigation and spreading of CSD.
To provide a clearer view of the CSD wave, we have plotted the propagation of membrane depolarization triggered by the injection of [K] e in Fig. 3 , with and without the fast sodium channel. Plotted in Fig. 4 are the corresponding propagations of [K] e . It can be seen that the spreading speed is much slower without the fast sodium channel current.
Effects of volume fraction, f , and background ion concentrations
The volume fraction, f = V e /V i , i.e., the ratio of the extracellular space volume, V e , to the intracellular space volume, V i , could vary in the brain-cell microenvironment. The background ion concentrations could also fluctuate. To examine the effects of volume fraction and background ion concentration, we studied the cases: f = 0.15, 0.25, and 1, corresponding to increasing extracellular volume relative to the intracellular volume. In addition, we also change the background ion [9] and the remaining 11 equilibrium parameter values are close to those given in [9] and are obtained using the revised pump equation (6) . Table 2 , which are used for previous computations. The case of f = 1 corresponds to equal extra-and intracellular volumes, which is unrealistic physiologically, but serves as a simple control case for comparison. Our numerical computations show that the speed, v f , of a CSD wave, relative to its speed for f = 1, v 1 , decreases as f increases, consistent with an expanded extracellular space leading to a slower temporal buildup of extracellular potassium concentration. The estimated speeds are given in Table 3 . 
A continuum model with cell swelling
If changes in the volume due to osmosis are incorporated into our model, then the equations are given by
wheref = V e /V and V = V e + V i is the total volume (cytoplasmic plus interstitial). Note thatf and f = V e /V i are related by the expression 1/f = 1 + 1/f . Rearranging the equations, we obtain
According to Shapiro [15] (page 225), the rate of water flow due to an osmotic pressure difference can be written as
where P f (=3×10 −3 cm/ms) is the osmotic water permeability of the membrane and V w (=1.8×10 −5 litre/mM) is the partial molar volume of water. Since we only consider sodium and potassium in this section, we modify this relationship by assuming that the imbalance is offset by immobile ions that cannot cross the membrane. The new equation is given by
where
When ∂f /∂t is negative, during cell swelling, the total intracellular concentration of the ions decreases, while the total extracellular concentration increases. In this paper, we have also imposed a constraint that the volume fraction stays within a range between minimum (5%) and maximum (95%) values. Fig. 5 shows that the cell volume fraction (=V i /V ) increases during the spreading of CSD propagation, see Somjen [18] and references therein. We can see that at x = 0, the location where the initial potassium stimulus is applied, the cell shrinks first due to the initial increase of [K] e . The cell eventually swells after the depolarization of membrane and the influx of ions. Fig. 6 shows the time histories of the membrane potential and the extracellular potassium concentration during potassium-stimulated CSD wave propagation. Compared to the results obtained earlier when volume change is not allowed, the wave speed is nearly the same, but it takes longer for the neurons to repolarize when they are allowed to swell. 
A continuum model including chloride and cell swelling
We now extend our model by including the chloride anion, Cl. This can be done by replacing the general leak current term I Leak = g HH (E m + 70) with the Cl leak current
and add the following equations
As Cl is the only extracellular anion in our simulations, its initial extracellular concentration, [Cl] Table 4 lists the estimated CSD propagation speeds under different conditions. We can see that including Cl affects the speed of CSD while the effect of cell swelling is negligible. Fig. 7 shows that the [Cl] e change is less when cells are allowed to swell. This is due to the fact that when cells swell, the ECS space is reduced, which increases the extracellular concentrations. Fig. 7 also shows that when the cell volume reaches its maximum value (0.95 V ), this effect is less profound.
Conclusions
The main objective of this paper is to investigate whether the spreading of CSD is a natural physical process of the brain-cell microenvironment after its initiation, and we have focused on neurons and 
Model Components
Speed (mm/min) Na and K only 9.68 Na, K, and Cl 10.12 Na, K, and Cell Swelling 9.61 Na, K, Cl, and Cell Swelling 10.10 the roles played by major ions. We have presented a continuum neuronal model for the instigation and spreading of cortical spreading depression. Our model is based on the assumption that the braincell microenvironment can be treated as a porous medium consisting of neuronal and extracellular compartments. The main mechanisms for ion transport employed in our model are cross-membrane (passive and active) currents and (active) pumps, coupled with diffusion in the extracellular space.
To demonstrate the applicability of our model, we have carried out extensive numerical simulations under various conditions. Our results show that the spreading of CSD can be instigated by injecting KCl in the extracellular space. Furthermore, the estimated speed of CSD is within the experimentally observed range. Effects of specific ion channels, background ion concentrations, extracellular volume fractions, and cellular swelling on the spreading speed was also investigated. We are in the process of incorporating the functions of glial cells as well as the roles played by other important substances such as glutamate and ATP. It is well known that CSD is often accompanied by vasodilation and vasoconstriction. Recent experiments also show that the threshold for CSD in female mice is lower than that for male mice [2] . These findings suggest that further theoretical studies of CSD is needed. For example, it would be of both theoretical and practical importance to examine the effects of CSD on vasodilation/vasoconstriction and neurovascular coupling. It will also be of interest to find out whether we can identify physiological or anatomical indicators that would explain these important findings, thus helping us to understand the organization and functionality of the brain. These will be the subjects of future investigations.
